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Investigations for inclination angle characterization of angular 
defects using eddy current pulsed thermography 
 
Abstract： 
As a typical branch of active thermography techniques, eddy current pulsed thermography (ECPT) has 
been used to detect surface and subsurface defects in many scenarios. Among different applications, 
localization and characterization of rolling contact fatigue cracking (a common angular defect) in rail 
tracks has gained more attentions. This paper investigates three features for the inclination angle 
characterization of artificial angular defects. Specifically, one pixel-level and two spatial-level features, 
i.e., max pixel response, skewness- and kurtosis-based spatial features, are proposed to build the relations 
to the inclination angle. Based on the 3D FEM, the simulation results show that the relation between the 
max pixel response and the inclination angle is non-monotonic under different heating pulses. In contrast, 
the skewness- and kurtosis-based spatial features can give overall monotonic relations to the inclination 
angle under the condition that a longer pocket length (≥0.38 mm) occurs and a longer heating pulse (≥
100 ms) is used. Further, the above simulation results were experimentally verified. 
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1. Introduction 
Rolling contact fatigue (RCF) cracking, as one typical defect existing in rail tracks, has become one 
of the major hazards threatening the railway transportation [1]. RCF cracks can be considered as a 
common type of surface-breaking cracks, e.g., stress corrosion cracks and hairline cracks [2-3]. Different 
from stress corrosion cracks (mainly vertically propagate into the materials) [4], RCF cracks tend to be 
clustered and propagate inside the rail heads at certain inclination angles [5-7]. Thus, apart from easily 
localizing RCF cracks, in characterizing or quantifying RCF cracks the challenges are not only for the 
propagation (pocket) length but also the inclination angle quantification with their interactive influences. 
Recently, many nondestructive testing (NDT) methods have been focused on the angular defect 
characterization or quantification. By using laser ultrasonic technique, Dutton et al. [8] discussed the 
variation of the out-of-plane and in-plane reflection and transmission coefficients resulted from the 
inclination angle and pocket length. Additionally, they found that the scanning laser detection model has a 
better performance for localizing and characterizing inclined defects compared with the scanning laser 
line source model [9]. Instead of using the laser interferometer, Rosli et al. [10] used electromagnetic 
acoustic transducers to measure Rayleigh waves and calculated the ratio of the in-plane to the 
out-of-plane enhancements to approximate the slot inclination. Shen et al. [11] used another common 
electromagnetic NDT technique, i.e., alternating current field measurement, and introduced the Bx 
component and Bz trough–peak ratio to predict the pocket length and inclination angle, respectively. Still, 
it is challenging for the above techniques to characterize the geometric parameters of RCF cracks 
(inclination angle, pocket length, and opening) since they normally appear as clustered cracks. Different 
from traditional NDT techniques and as a promising candidate, ECPT, a.k.a, induction thermography or 
electromagnetic thermography, takes the advantages of the infrared imaging (with a high resolution and 
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sensitivity) as well as the active-electromagnetic heat excitation. These advantages enable ECPT to easily 
heat the clustered and multiple defects or to further characterize their geometric parameters [12-17]. For 
quantifying angular defects using ECPT technique, Abidin et al. [18] studied the slot angle and pocket 
length quantification via the slope inclination and the maximum temperature, respectively. To reduce the 
side effect of non-uniform heating by the linear coil and get a wide imaging view, Peng et al. [19] built a 
new ECPT configuration by replacing the linear coil with the Helmholtz coil to study the pocket length 
characterization. Oswald-Tranta [20] used Fourier transformation to investigate the relation between the 
phase contrast and the inclination angle for both non-magnetic and ferro-magnetic materials. Zhu et al. 
[21] introduced two features derived from the differential thermal data and studied their relations to the 
pocket length. However, the above studies mainly focused on a limited number of inclination angles 
without fully discussing the influences of other varying parameters, such as pocket length and opening. In 
this paper, to characterize the inclination angle under the influence of the pocket length, a 3D FEM model 
was built to initially investigate the thermal distribution resulted from angular slots. Based on the 
abnormal distribution, three thermal-related features were proposed and their relations to the inclination 
angle were investigated. In addition, these relations were experimentally verified. The rest of this paper is 
structured as: the fundamentals of ECPT and three statistical measures (histogram, skewness, and kurtosis) 
are introduced in Section 2; Section 3 initially investigates the proposed thermal-related features and their 
relations to the inclination angle based on the FEM simulation; Section 4 presents the experimental 
studies to verify the simulation results; further, Section 5 briefly discusses the findings from the 
simulation and experimental results; the conclusion and future work are given in Section 6. 
2. Theoretical background 
2.1 Fundamentals of ECPT 
In 3D Cartesian coordinate, the heat diffusion equation with an electromagnetic heating source is 
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where, ρ, Cp, and λ are the material density, the specific heat and the thermal conductivity, respectively. 
J and E are the current density and electric field, respectively. 
By using ECPT technique, either ohmic heating or heat diffusion can lead the defect detection. The 
ohmic heating dominates the early heating stage, and it benefits the surface defect detection. On the other 
hand, heat diffusion leads the way in the later heating or cooling stage, and it is normally utilized for the 
subsurface defect localization and characterization. In this study, both the early and later heating stages 
are utilized to investigate the inclination angle characterization. 
2.2 Histogram, skewness and kurtosis 
In this work, three statistical measures, i.e. histogram, skewness and kurtosis, were used to localize 
the dominant thermal point and describe the spatial thermal distribution. 
A histogram presents a graphical distribution of a data group into specified ranges to roughly assess 
the underlying probability distribution of the data. The mathematical way of a histogram is expressed as 
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where, k denotes the total number of bins. Bins mean the consecutive, non-overlapping intervals of a 
variable. mi is the number of observations that fall into the i th bin. And n is the total number of 
observations. 
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Based on the simulation results later discussed in Section 3.1, the dominant (maximum) thermal point 
always locates at the same position and it does not move with the heating time increasing. However, for 
the experimental studies, with the influences of environmental conditions and measurement errors, the 
maximum thermal point/pixel will inevitable vary at different frames. To find the maximum thermal pixel 
with the highest frequency of occurrence during specific heating frames, in Section 4.3 the histogram will 
be used to find the most dominant thermal pixel with its corresponding row and column. 
Skewness measures the asymmetry (or lopsidedness) of a statistical distribution. The skewness for 
any symmetric distribution is zero. The skewness can also be either negative or positive to quantitatively 
shows the difference from a symmetric distribution. A negative skewness means that a distribution is 
skewed to the left or the tail is on the left side of the distribution. On the other hand, a positive skewness 
shows a right-skewed distribution or a right-side tail. The skewness for a distribution is defined as 
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where, μ and σ are the mean and the standard deviation of X, respectively. E(⋅) denotes the expectation. 
Different from skewness, kurtosis measures whether a data distribution is heavy-tailed or light-tailed 
compared to a normal distribution. The kurtosis for a standard normal distribution is three. Distributions 
with high kurtosis tend to have heavy tails (outliers), whereas distributions with low kurtosis tend to have 
light tails. The kurtosis is the normalized fourth central moment of a distribution 
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In Sections 3.2 and 4.3, two skewness- and kurtosis-based features will be used to measure the 
asymmetry and outlier of the statistically spatial thermal distribution. In this work, the spatial distribution 
is the thermal responses along a scanning line which has the length of 6 mm in the simulations (equal to 
the length of 41 pixels in the experiments). These responses were extracted to further calculate their mean 
value, standard deviation, skewness and kurtosis. 
3. Simulation studies 
In this section, two FEM models were built to investigate the relations between the inclination angle 
and three thermal related features. 
3.1 Simulation model 
Fig. 1(a) shows one of the FEM models used for the simulation studies. The zoomed subfigure 
illustrates the main parameters (the inclination angle, pocket length, and opening) of an angular slot. The 
FEM software used was COMSOL Multiphysics by utilizing the induction heating interface, which 
couples the magnetic field and the heat transfer together. Tables 1 and 2 show the geometric parameters 
and material properties of this model, respectively. Except for the dimension (length) of the model, the 
rest parameters were set as the same as those of the experimental studies in Section 4. After a fine 
meshing, this model totally consists of 202,309 elements with a 0.74 averaging quality. Fig. 1(b) gives 
four examples of the calculated thermal distributions at the early heating stage (10 ms) when Model 1 was 
used. These distributions were mainly resulted from the inclination angle changing and they present two 
main thermal patterns. The first pattern is that when the inclination angle of the slot is 90° (a vertical slot), 
the thermal distributions at both side of slot are almost the same. Another pattern is that when the 
inclination angle is less than 90° (an inclined slot), the thermal increasements at the inclined side are 
higher than the other side. This is because that with the inclination angle decreasing, lager amount of 
ohmic heat is concentrate in the inclined tip and induce a higher thermal distribution. Fig. 1(b) also shows 
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that the maximum thermal points (shown by the black dots) always locate at the center of the left edge. In 
the next section, line scans across these maximum thermal points will be used to further show the detailed 
thermal changes. Note that for the vertical slot, the maximum thermal point could either locate at the left 
or right edge. In this study we found that the maximum thermal point always located at left edge. 
  
(a) (b) 
Fig. 1. Simulation model. (a) FEM model. (b) Thermal distributions of the top surface at 10 ms with four different angles 
of the slot (90°, 45°, 30°, and 10°). Here the Model 1 was used. The white-dash lines show the edges of the coil. 
Table 1 Geometric parameters of the FEM models 
Geometric parameters  Value Unit 
Specimen dimension  50×30×63 mm3 
Inclination angle of the slot  10 15 20 25 30 35 40 45 90 ° 
Pocket length of the slot*1 Model 1 0.00 0.23 0.42 0.53 0.61 0.66 0.75 0.87 0.68 mm 
 Model 2 0.38 0.45 0.81 0.90 0.88 1.03 0.91 1.06 1.32 mm 
Opening of the slot*2 Model 1 1.07 0.83 0.63 0.45 0.42 0.37 0.35 0.35 0.33 mm 
 Model 2 1.13 0.85 0.66 0.51 0.46 0.48 0.44 0.43 0.37 mm 
*1,2: In line with experimental studies due to the manufacturing error and the inclination angle influence. 
Table 2 Material properties of the FEM models 
Material properties Value Unit 
Density 7.8×103 kg/m3 
Specific heat capacity  486 J/(kg·K) 
Thermal conductivity 49.8 W/(m·K) 
Conductivity 6.17×106 S/m 
Relative permeability 100 1 
 
3.2 Feature extraction 
A scanning line with the length of 6 mm is shown in Fig. 1(a). The middle point of this line is the 
maximum thermal point (denoted by Pm in the following sections) and this point divides the line into two 
3 mm parts. Note that in the following discussion all the horizontal-coordinates of Pm were set as zero 
points. Fig. 2 shows the line-scan thermal responses with different inclination angles. Here, five different 
heating pulses (10, 20, 50, 100, 200 ms) were used to excite the specimen and the corresponding line-scan 
results are shown in Figs. 2(a)-(e). It is obvious that all the thermal responses are increasing with the 
heating pulse increasing. Additionally, for Model 1, the slot with the 25° inclination angle always gave 
the strongest thermal responses under all the heating pulses. This result is also shown in Fig. 2(f). Further, 
based on Eqs. (3) and (4), Figs. 2(g) and (h) give the skewness and kurtosis values (denoted by Fs and Fk 
5 
in the following sections) of all the above line-scan plots. Among five heating pulses, Fs under the 10 ms 
heating pulse always shows the highest value, which means that the asymmetrically (abnormally) thermal 
distribution of the line scan was enhanced by this heating pulse. However, relation between Fs and the 
inclination angle is not apparent under this heating pulse. As a result, the relation cannot be further used 
to characterize or quantify the inclination angle. With the heating pulse increasing, the overall relation 
between the Fs and the inclination angle tends to be positively correlated. Still, it is unexpected that the 10° 
angle gave a drop of Fs. The reason causing this abnormal value will be later explained in Section 5. In 
addition, the kurtosis plots in Fig. 2(h) show very similar relations compared with them in Fig. 2(g).  
   
(a) (b) (c) 
   
(d) (e) (f) 
  
 
(g) (h)  
Fig. 2. Line-scan results and three different features vs. inclination angle when Model 1 was used. (a)-(e) Line-scan 
results of different inclination angles after a 10, 20, 50 ,100, 200 ms heating pulse, respectively. (f)-(h) Max pixel 
response, Fs, and Fk vs. inclination angle under five different heating pulses, respectively. 
 
Likewise, Figs. 3(a) to (e) give all the line-scan results of Model 2. The slot with the 15° inclination 
angle had the strongest thermal responses under the 10 and 20 ms heating pulses, whereas 20° slot gave 
the strongest thermal responses under other heating pulses (≥50 ms). Figs. 3(g) and (h) show the Fs and 
Fk values of all the line-scan plots. Similar to the results of Model 1, Fs and Fk under the 10 ms heating 
pulse always show the highest values with the asymmetrically-enhanced thermal distribution of the line 
scan. It also can be seen that both Fs and Fk have more positive correlations to the inclination angle under 
longer heating pulses (≥100 ms). Still, the above discussions for the proposed features are only based on 
the simulation studies, in the next section, these features will be experimentally verified. 
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(a) (b) (c) 
   
(d) (e) (f) 
  
 
(g) (h)  
Fig. 3. Line-scan results and three different features vs. inclination angle when Model 2 was used. (a)-(e) Line-scan 
results of different inclination angles after a 10, 20, 50 ,100, 200 ms heating pulse, respectively. (f)-(h) Max pixel 
response, Fs, and Fk vs. inclination angle under five different heating pulses, respectively. 
4. Experimental studies 
In this section, the experimental investigation was used to verify the relations between the 
aforementioned thermal features and the inclination angle. 
4.1 Specimen preparation 
Fig. 4 shows the two specimens (named Specimen 1 and 2) used in experimental studies. These two 
specimens were made of AISI 1045 medium carbon steel, as shown in Fig. 4(a). Each steel block contains 
nine artificial angular cracks to simulate RCF cracks. Geometric details can be seen in Figs. 4(b)-(e). 
Their material properties can be found in the previous Table 2. To reduce surface reflection, both 
specimens’ top faces were uniformly sprayed with the black matt paint. 
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(a) (b) 
 
(c) 
 
(d) 
 
(e) 
Fig. 4. Test specimens. (a) Optical image of Specimen 1 and 2. (b)-(e) show the schematic diagrams of the specimens. 
The dimension of two specimens is (300 × 30 × 63) mm3. On the top of each specimen, nine angular slots were cut by 
wire electric discharge machining with varied angles (10°, 15°, 20°, 25°, 30°, 35°, 40°, 45°, and 90°). 90° angle 
simulates the vertical slot and the rest angles cover the common angle range of RCF cracking [5]. Note that the 
manufacturing error and inclination angle influence arose when preparing the specimens. See *1 and *2 in Table 1. 
4.2 ECPT configuration 
Fig. 5(a) shows the layout of the ECPT configuration used for experimental studies. It contains four 
units, an excitation module with a rectangle coil, an infrared camera, a signal generator, and a computer. 
More details can be found in previous work [22]. In this study, only the operational RMS current and 
frequency of the excitation module were changed to 306.4 A and 258 kHz, respectively. Fig. 5(b) shows 
the schematic diagram of this configuration, a 7 mm lift-off between the coil’s bottom edge and the top 
faces of the specimens was locked in all experimental studies. For each slot, five repeated tests were 
conducted. 
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(a) 
 
(b) 
Fig. 5. ECPT configuration. (a) Optical image of ECPT configuration. (b) Schematic diagram of ECPT configuration. 
4.3 Feature extraction 
Fig. 6(a) shows an example of the thermal distribution at 100 ms when S7 of Specimen 1 was tested. 
A pixel with the highest thermal response in this image is marked as the max thermal pixel (blue dot). In 
this figure, it locates at the 52nd row and the 92nd column. In fact, this location is changing at different 
time even in repeated tests. In this work, the dominant location of the max thermal pixel (Pm) was 
statistically found by using histograms, as shown in Fig. 6(b). Here, ten repeated tests were utilized to 
obtain these two histograms. Ten repeated tests included the first five (under the 100 ms heating pulse) 
and the last five tests (under the 200 ms heating pulse). For each test, Pm of the 4th (20 ms) to 13th (65 ms) 
frame, i.e., during the steady heating stage, were recorded with their rows and columns. Thus, a total of 
100 Pm were recorded. In Fig. 6(b), the numbers fall into the 52nd row and the 92nd column are 21 and 89, 
respectively. Further, by bundling these two together, the dominant location of Pm can be obtained, i.e., 
52nd row and 92nd column, as shown in Fig. 6(c). The above steps show an example of how to obtain the 
location of Pm when S7 of Specimen 1 was tested. Following the same procedures, it is easy to get the rest 
Pm of other slots. Like simulation studies, in the following all the horizontal-coordinates of Pm were set as 
zero points. 
   
(a) (b) (c) 
Fig. 6. Thermal distribution of slot vicinity and locations of the maximum thermal pixel. (a) Thermal distribution of slot 
vicinity after a 100 ms heating pulse when S7 of specimen 1 was tested. The max thermal pixel is marked as the blue dot. 
(b) Histograms of the maximum pixels’ rows and columns. (c) Counts of the maximum pixels’ locations. 
For the testing of Specimen 1, Fig. 7 shows the line-scan thermal responses resulted from nine 
inclination angles and after five different heating pulses. Fig. 7(a) shows how to get the line-scan 
responses. Here, the same as Fig. 6, this figure takes S7 of Specimen 1 as an example. Based on the 
previously calculated maximum thermal pixel (blue dot), five parallel-neighbor line scans (black-dash 
lines) were conducted. Each of them contains 41 pixels (covering both sides of the inclined slot) and the 
middle line just goes across the maximum thermal pixel. After calculating the average of five line-scan 
values, it is shown as the black-solid curve in Fig. 7(e). By using same procedures, Figs. 7(b) to (f) give 
IR camera
Coil
Specimen
Signal generator
PC
Excitation module
x
y
z
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all the line-scan results from different inclination angles and heating pulses. These results show that the 
thermal responses are increasing with the heating pulse, which are the same as the simulation results. 
Additionally, for Specimen 1, S4 (25°) gave the strongest thermal responses even under varying heating 
pulses. This result also can be seen in Fig. 7(g). Further, based on Eqs. (3) and (4), Figs. 7(h) and (i) give 
the skewness and kurtosis values (Fs and Fk) of all the above line-scan plots. From Fig. 7(h), it can be 
seen that overall the Fs and the inclination angle have a positive correlation. This figure also verifies that 
Fs under the 20 ms heating pulse always shows the highest value with the enhanced abnormally thermal 
distribution. However, like the simulation result, the 10° angle gives very low Fs (see Section 5 for 
explaining the reason). Additionally, kurtosis plots in Fig. 7(i) show similar relations compared with them 
in Fig. 7(h). The difference is that within the angle range of (45,35), Fk alleviates the decreasing trend, 
which contributes the overall positive correlation. 
   
(a)  (b) (c) 
   
(d) (e) (f) 
   
(g) (h) (i) 
Fig. 7. Line-scan results and three different features vs. inclination angle when Specimen 1 was tested. (a) Schematic 
diagram of performing the line scan when S7 of Specimen 1 was tested. Five parallel-neighbor lines were plotted with the 
middle line going across the maximum thermal pixel. The average of five line-scan values is shown as the black-solid 
curve in Fig. 7(e). (b)-(f) Line-scan results of different inclination angles after a 10, 20, 50 ,100, 200 ms heating pulse, 
respectively. (g)-(i) Max pixel response, Fs, and Fk vs. inclination angle under five different heating pulses, respectively. 
Similarly, for the testing of Specimen 2, Figs. 8(a) to (e) give all the line-scan results. For Specimen 2, 
S2 (15°) had the strongest thermal responses only under the 10 ms heating pulse, whereas S3 (20°) gave 
the strongest thermal responses under longer heating pulses (≥20 ms), which also can be seen in Fig. 8(f). 
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Figs. 8(g) and (h) show the Fs and Fk values of all the line-scan plots. Similar to the simulation results, Fs 
and Fk under the 10 or 20 ms heating pulse always show the highest value. That is a shorter heating pulse 
can contribute to the inclination angle detection [23]. In addition, these two figures verify that both Fs and 
Fk have more positive correlations to the inclination angle when the heating pulse is longer than 100 ms. 
   
(a) (b) (c) 
   
(d) (e) (f) 
  
 
(g) (h)  
Fig. 8. Line-scan results and three different features vs. inclination angle when Specimen 2 was tested. (a)-(e) Line-scan 
results of different inclination angles after a 10, 20, 50 ,100, 200 ms heating pulse, respectively. (f)-(h) Max pixel 
response, Fs, and Fk vs. inclination angle under five different heating pulses, respectively. 
5. Discussion 
The above simulation and experimental results show that: 
(1) The relation between Pm and the inclination angle is non-monotonic under all different heating 
pulses. Pm increases initially with the inclination angle, then reach a peak, and decreases 
afterwards. Under the condition that the pocket length is constant, this relation is supposed to be 
monotonic. The main cause of the non-monotonic relation is the changing pocket length. 
Consequently, it is difficult for Pm itself to characterize the inclination angle under the influence 
of the pocket length. 
(2) The whole relation between Fs (or Fk) and the inclination angle is still non-monotonic when 
Specimen 1 was tested. But compared with Pm, Fs (or Fk) extends the monotonic section range 
from (90°, 25°) to (90, 15°). Still, as mentioned in Sections 3.2 and 4.3, S1 (10°) in Specimen 1 
gives very low Fs and Fk. This is because that by using the very narrow 10° inclination angle to 
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cut the specimen, even though the EDM wire was moved with a required distance, the pocket 
length of the slot was still zero, as shown in Fig. 9. The zero pocket length means that heat cannot 
be trapped at the inclined tip and can easily diffuses way, which results in weak thermal responses 
and further leads to low Fs and Fk. In contrast, when Specimen 2 was tested the overall relation 
becomes monotonic if under a longer heating pulse (≥100 ms). In addition, Table 1 shows that 
the minimum pocket length of Model/Specimen 1 is 0.38 mm. It means that in this study, 
provided the pocket length is longer than 0.38 mm, Fs (or Fk) can be used to achieve inclination 
angle characterization without much considering the pocket length influence. 
 
(a) 
 
(b) 
Fig. 9. S1 with a 10° inclination angle in Specimen 1. (a)-(b) Optical image and schematic diagram of S1 in Specimen 1. 
6. Conclusion 
In this paper, one pixel-level and two spatial-level features have been proposed to characterize the 
inclination angle. Both the simulation and experimental results have shown that the skewness- and 
kurtosis-based features give overall monotonic relations to the inclination angle if the pocket length is 
longer than 0.38 mm and under a longer heating pulse (≥100 ms). Future work will focus on 
investigating and verifying the proposed features by fabricating more dedicated specimens with the 
pocket length randomly changing and by detecting natural RCF cracks. Additionally, the features 
investigated here only extracted at one specific frame with the strongest thermal response. More features 
based on the transient thermal response, especially at early heating stage, will also be investigated. 
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